We present the first technique for directly measuring (without assumptions) the spatio-temporal intensity and phase of a train of ultrashort pulses at and near a focus. Our method uses an experimentally simple and high-spectral resolution variant of spectral interferometry (SEA TADPOLE). To illustrate our technique, we measured the spatio-temporal electric field in and around the foci of several different types of lenses. To confirm our results, we also simulated these measurements by numerically propagating a pulse through each of the lenses used. From one set of measurements, we made a movie showing a focusing pulse with severe chromatic aberration.
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Introduction
Almost all applications of ultrashort pulses require focusing them. Generally, the highest possible intensity is desired, and this is achieved when the pulse is undistorted in both space and time, so that it has a transform limited time duration and a diffraction limited focused spot size. Unfortunately, lenses and lens systems suffer from a wide variety of aberrations, and theoretical studies have shown that very complex spatio-temporal distortions can occur at a focus due, due to, for example, spherical and chromatic aberrations [1] [2] [3] [4] . When aberrations are present, even with perfect material-dispersion compensation, the pulse can be distorted and far from transform and diffraction limited at the focus.
Thus a simple temporal measurement of the focused pulse is far from sufficient. For the same reason, a simple spatial measurement is also far from sufficient. The measurement must be spatio-temporal; that is, it must measure the spatio-temporal electric field, E(x,y,z,t).
To further complicate the problem, in addition to focusing, pulse shaping is often used in applications such as nonlinear microscopy and coherent control and these pulses have complex shapes in intensity and phase vs. frequency. In this case, the pulse at the focus could also be very complicated in both space and frequency [5, 6] . Therefore, a technique that can measure the spatio-temporal electric field with high spatial and spectral resolution is needed.
Although techniques are available for measuring focused pulses in space or time separately, none of these can measure the spatio-temporal electric field. Autocorrelators are available for determining the rough pulse duration at the focus [7, 8] with no phase or spatial information. With some nonlinear-optical pulse measurement techniques, the lens in question can be used as the focusing lens in the pulse-measurement device, so that the temporal electric field after the lens is measured [9] [10] [11] [12] [13] . Unfortunately, all such measurements average over all spatial dimensions at the focus, so that no spatial information is obtained (there is one exception in which minimal, qualitative spatial information was obtained [13] ). Linear interferometric techniques for measuring spatial and temporal information have been introduced, but these only measure collimated pulses [14] [15] [16] . Therefore, if a focused pulse is to be characterized using these techniques, it must first be recollimated and this is usually done with the same lens that was used to focus it. In this case, the electric field of the focused pulse can only be inferred indirectly from the measurement of the recollimated beam by assuming that the phase of the lens is half of the phase obtained by double-passing the lens (which is only true if the alignment is perfect).
In this paper, we introduce a simple technique for directly measuring the complete spatiotemporal electric field at and near the focus of an ultrashort pulse. To our knowledge this is the first technique in which the spatio-temporal field, E(x,y,z,t), is directly measured for a focusing pulse. From a typical measurement using our device, a movie can be made of the pulse focusing, showing its intensity and color vs. space and time.
To make these measurements we use a slightly modified version of a device that we recently introduced, called SEA TADPOLE, or Spatial Encoded Arrangement for Temporal Analysis by Dispersing a Pair of Light E-fields [17] . SEA TADPOLE is an experimentally simple and high-spectral-resolution implementation of spectral interferometry (SI) [18] . A SEA TADPOLE measurement is made by crossing and spectrally resolving two pulses in which one is a previously characterized reference pulse (which we measure using FROG or GRENOUILLE [12] ) and the other is the (unknown) pulse that we wish to characterize [19] [20] [21] [22] [23] . We Fourier filter the interferogram to reconstruct E(ω) of the unknown pulse. Unlike standard SI, however, the Fourier filtering is done along the spatial axis of the camera (x c ), so that no spectral resolution is lost in the reconstruction and the unknown pulse can be reconstructed with the full resolution of the spectrometer. Indeed, we often even obtain better spectral resolution than that of the spectrometer [17] . To make SEA TADPOLE experimentally easy to use, the reference and unknown pulses each enter the device through single-mode optical fibers.
Because the entrance to SEA TADPOLE is an optical fiber, it naturally measures pulses with high spatial resolution, and, in particular, it can measure them at a focus, although collimated pulses can be measured as well. If the entrance fiber for the unknown pulse has a mode size smaller than the smallest spatial structure of the focused spot size of the unknown pulse, then E(ω) can be measured at one position (x, y, z) and then the fiber can be scanned in x, y, and z until E(ω) has been measured at all spatial points at and near the focus, resulting in E(x,y,z,ω). Inverse-Fourier-transforming to the time domain yields E(x,y,z,t). Doing this, it is possible to watch the pulse focusing. We refer to this technique as scanning SEA TADPOLE.
While scanning SEA TADPOLE bears some resemblance to the method of interferometric photon tunneling scanning microscopy (PTSM) there are some key differences between the two methods [24-27]. Both methods involve sampling or spatially resolving the unknown field with an optical fiber (or an NSOM probe in the case of PTSM) and then interferometrically recombining it with a reference pulse for each position of the sampling fiber. While interferometric PSTM operates in the space and time domains scanning SEA TADPOLE operates in the space and frequency domains. Interferometric PSTM has primarily been used to measure propagating pulses in photonic structures while scanning SEA TADPOLE is intended for measuring focusing pulses.
Details of the method
To use SEA TADPOLE to measure E(ω) at one point in space, we temporally overlap and couple the reference and signal pulses separately into short single-mode fibers, as shown in Fig. 1 . One focal length after the fibers, we place a spherical lens (of focal length f) to collimate the light diverging from the fibers. Because each of the fibers is slightly displaced from the optic axis (each by a distance ±d), the collimated beams cross, yielding horizontal interference fringes that are recorded with a digital camera. The beams also pass through a diffraction grating and a lens, so that wavelength is mapped to the horizontal position of the camera to yield the 2D SEA TADPOLE trace S(ω,x c ).
To reconstruct E unk (ω) from this trace, we Fourier filter the interferogram along the x c axis and then divide out the reference field yielding the unknown pulse field E unk (ω). Because the Fourier filtering is done with respect to x c and k c , rather than ω and its conjugate pseudotime variable, no spectral resolution is lost in this reconstruction. On the other hand, even though the SEA TADPOLE trace is two-dimensional, all of the unknown beam's spatial information is lost in the fiber, so that only E unk (ω) (of the sampled spatial region of the beam) is constructed from a single SEA TADPOLE trace. For more details about the SEA TADPOLE experimental setup and retrieval, see reference [17] .
To measure the unknown pulse as a function of both time and space, we simply scan the position of the unknown-pulse input fiber in x, y, and z and measure many traces, assuming that the input pulse train remains stable throughout the measurement, resulting in E(x,y,z,ω). See Fig. 1 . Fig. 1 . Experimental setup for scanning SEA TADPOLE: The reference and unknown pulses enter the device via single-mode fibers. At the output of the fibers in the horizontal dimension, the light is collimated and then spectrally resolved at the camera using the grating and the cylindrical lens. In the vertical dimension, the light emerging from the two fibers crosses at a small angle and makes horizontal spatial fringes at the camera. With a single interferogram obtained in this way, E(ω) is measured at one position. To measure E(x,y,z,ω) of the focusing unknown pulse, the unknown pulse's entrance fiber is scanned in x, y, and z.
When the unknown fiber is moved to different longitudinal positions (z), we readjust the delay stage so that the pulses again temporally overlap (this is done by our data acquisition computer program).
As discussed previously [17, 26] , the use of optical fibers in an interferometer can cause a slow drift in time in the measured absolute phase of a pulse due to small changes in the optical path lengths due to temperature fluctuations. In our measurements, the absolute spectral phase as a function of x, y, and z is the spatial phase of the pulse, so, if the absolute phase drifts faster than our scanning time, as it does here, then we are unable to measure the spatial phase. With our current setup, however, we can measure every other aspect about a focusing pulse. In particular, we are able to measure all other phase terms, including the spectral phase and the phase terms that depend on both x or y and ω such as the radially dependent group delay and the radially dependent group-delay dispersion. Additionally we can measure the amplitude of the electric field versus x, y, z, and ω. In other interferometric techniques in which fibers are used, it has been reported that simply enclosing the interferometer in a plastic box largely eliminates the phase drift [26] . Therefore, in principle SEA TADPOLE could also easily measure the spatial phase of the pulse. In this study we are primarily interested in knowing the spatio-temporal couplings of a focusing pulse, such as the pulse fronts and the position-dependent spectrum, which can be measured by scanning SEA TADPOLE without stabilizing the interferometer, so we have not done this.
Experimental results
To test scanning SEA TADPOLE, we measured ultrashort pulses focused by various lenses.
We measured E unk (ω) for numerous values of x and z at y = 0 and then Fourier transformed the measured data to the time domain to obtain E unk (x,z,t) (with interpolation to increase the number of data points on the time axis from 10 to 90). While we could have scanned in y as well, scanning in only one transverse dimension was sufficient to measure a pulse front with spherical and chromatic aberrations for the purpose of testing our technique.
Although we know the intensity and phase of our reference pulses (we routinely monitor the output of our laser with a Swamp Optics GRENOUILLE), in these experiments the interesting quantity for scanning SEA TADPOLE was the phase introduced by the lens. So in all of our measurements we measured the phase difference in the two arms of SEA TADPOLE with the lens in the unknown arm. Therefore the following measurements show only the effects of the various lenses for a given pulse input spot size and bandwidth.
In all of our measurements, our laser source was a KM Labs mode-locked Ti:Sapphire oscillator emitting pulses with rms bandwidths of ~25 nm and centered at 800 nm. The rms spot size of the beam before each lens was 3 mm. All of the lenses studied had focal lengths of 50 mm, and we oriented the lenses so the collimated beam entered through the curved surface, which is the orientation that minimizes spherical aberration. Our optical fibers had a 5.6-μm mode field diameter. Each measurement of E unk (x,t) took 2-3 minutes, and the measurements at different z's were all made continuously. The remainder of the details of our set up are described in reference [17] .
To confirm our measurements, we also performed simulations of pulses propagating through the various lenses used in our experiments. We performed these calculations in the manner described in references [2, 28] , in which the diffraction integral in the paraxial approximation is evaluated using the appropriate lens parameters. We assumed that the input beam had no spatio-temporal distortions and that the only lens aberrations present were spherical and chromatic aberration. In these simulations, we also included the spectral phase introduced by the lens. The appropriate chromatic and spherical aberration parameters were obtained from references [1, 29] and from the ray tracing program OSLO [30] . In this way, we were able to calculate theoretical fields, E(x,t), for any value of z after the lens.
The first lens that we considered was an aspheric lens made of molded PMMA, which is designed to have minimal spherical aberration, but which exhibits chromatic aberration and, group-delay dispersion (GDD). We measured and simulated E(x,t) at nine different longitudinal positions, z, around the focus, where z = 0 corresponds to the geometric focus. See Fig. 2 . Fig. 2 . E(x,z,t) in the focal region of an aspheric lens. The experimental results are displayed in the top plots, and the simulations are in the bottom plots. Each box displays the amplitude of the electric field versus x and t at a distance z from the geometric focus. The color represents the instantaneous wavelength as designated by the color bar on the right. Each set of plots displays the amplitude of the electric field versus -t (so that the leading edge of the pulse appears on the right) and x at a particular longitudinal distance away from the focus. The white dots display the pulse front (defined as the maximum temporal intensity at each x). The same conventions are used for the next several plots as well. In this case, as expected, chromatic aberration causes a flat pulse front to occur after the focus, at about z = 1.5 mm.
In the absence of dispersion and aberrations, the instantaneous wavelength would be the same everywhere in space and time so that the above plots would be uniformly green (and black where the pulse intensity is low). GDD and aberrations, on the other hand, cause color variations. For the aspheric lens, we expect color variations due to both GDD and chromatic aberration, but, for this particular lens, the effects of chromatic aberration are small compared to those due to GDD, so in all of the plots in Fig. 2 , the redder colors precede the bluer colors, as expected when material dispersion is present.
While chromatic aberration plays only a small role in the pulse temporal phase, it does become evident, however, in the pulse's temporal intensity and its distortions. For a lens free of aberrations, the pulse fronts are curved and perfectly symmetrical about the focus, and flat at the focus. Chromatic aberration shifts the position of the flat pulse front to a value of z after the focus, resulting in pulse fronts that are not symmetric about the focus [3] . In Fig. 2 , it is clear that the pulse fronts are, in fact, not symmetric about the focus, and the pulse front is flat at z = 1.5 mm in both the simulation and experimental data.
The second lens we considered was an achromatic doublet in the form of a meniscus lens consisting of a biconvex BAFN10 lens cemented to a concave-convex SF10 lens. This lens was designed to be free of chromatic aberrations for visible light. The measurements and simulations of the focusing pulses are shown in Fig. 3 . Fig. 3. E(x,z,t) in the focal region of an achromatic doublet designed for visible light. Significant GDD is apparent due to the thickness of the lens. Because this lens was designed for the visible, and not 800 nm, the pulse fronts are not symmetric about the focus, revealing that some chromatic aberration is also present.
In Fig. 3 , most of the color variation is again due to the GDD of the lens. Because the doublet is very thick (9.8 mm) and, made of very dispersive glass, it introduces significant GDD, and this lengthens the pulse by about three times more than the aspheric lens does (using rms temporal width of the pulse averaged over x). Also, the pulse fronts are not symmetric about the focus, revealing the presence of chromatic aberration.
We included both spherical and chromatic aberrations in the simulations of this lens. While the two lenses in the doublet do not manage to cancel out the chromatic aberration, they also greatly reduce the spherical aberration, and no noticeable effects of it can be seen in data shown in Fig. 3 .
In the next set of measurements, we measured the focus using a BK7 plano-convex lens. The results for this lens are shown in Fig. 4 . This lens contains noticeable amounts of both chromatic and spherical aberration. The most striking feature is the ripples in the spatial profile before the focus mainly at z = -0.7 mm. According to our simulations, the spherical aberration introduced by this lens increases the focused rms spot size by almost a factor of two. Just as with the two previous lenses, the asymmetrical pulse fronts with respect to the focus are a result of chromatic aberration. The pulse-front term introduced by spherical aberration has the opposite sign of that due to chromatic aberration [2] . As a result, the flat pulse front occurs closer to the focus than it does for the aspheric lens, when no spherical aberration is present. Just as with the two previous lenses, most of the color variation in this data is due to the GDD introduced by the BK7 glass.
In the case of spherical aberration, the focus is not well defined in position z. To determine the actual value of z for the focus in the measurements, we picked the value that resulted in the best match between the simulations and the experiments. Here, as in all of the measurements, z = 0 refers to the location of the geometric focus.
There is a small discrepancy between the simulations and experimental data, in the color, or chirp. In our simulations, we used the center thickness of the lens in the spectral phase. It is possible that we made the measurement slightly off axis (so y was not exactly equal to 0), so that the part of the beam that we were measuring did not pass through quite as much glass. Other than this minor discrepancy, the measurements are in good agreement with the simulations
In our final experiment, we measured the focal region of a plano-convex ZnSe lens. In this measurement, we felt that it would be helpful if we cancelled out most of the material dispersion so that the effects of the lens aberrations would appear more clearly. Because SEA TADPOLE measures only the spectral phase difference between its two arms, we were able to cancel out the dispersion of the lens by placing a ZnSe plate whose thickness was equal to the center thickness of the lens into the reference arm. Because the radius of curvature of this lens is so large (71.46 mm), this flat plate accurately cancelled out the lens material dispersion. As a result, this set of measurements shows what distortions would remain at the focus after perfect material dispersion compensation using, for example, an ideal pulse compressor or a 1D pulse shaper before the lens. Fig. 5. E(x,z.t) in the focal region of a ZnSe lens with chirp compensation. In these plots, all of the color variation is due to chromatic aberration.
The results are shown in Fig. 5 . While the ZnSe lens has much more chromatic aberration than the other lenses (~ 5 times that for PMMA and BK7 using the chromatic aberration coefficient as derived in reference [3] ), it actually has less spherical aberration than the BK7 lens (by a factor of about 2.5 using the spherical aberration coefficient from reference [1] ). Therefore, essentially all of the distortions and color variations seen in the data are due to chromatic aberration. For this lens, even if the spectral phase of the pulse at the focus is constant, the pulse duration is still 29% longer at the focus (with a bandwidth of 25 nm) than the transform-limited pulse duration-due to the chromatic aberration.
As with the previous lenses, the pulse fronts are asymmetric about the focus due to the chromatic aberration. For this lens, the flat pulse front occurs 6.5 mm after the focus, which is out of the range of our data. At the focus, the chromatic aberration results in some ripples, which are marked with the white dots. Note that, before the focus, the redder colors have a larger spot size, and they are ahead in time. Similarly, the pulse is bluer closer to x = 0. Both of these effects occur because chromatic aberration causes the bluer colors to focus before the redder colors.
To better show the distortions present in this pulse, we have produced a movie of it. See Fig. 6 . In this movie each frame shows E(x,t) at a different z starting a z = -1.4 mm and stopping at z = 1.6 mm. As in the earlier plots, the white dots display the pulse front, and the color indicates the instantaneous frequency as shown by the color bar. Note that near the geometric focus (z = 0), the instantaneous wavelength changes from blue to red as a function of z, which is expected for chromatic aberration.
The movie consists of 16 measurements E(x,t) at different values of z, which we interpolated along the z axis to yield 114 frames. These images range from z = -1.4 mm to z = +1.6 mm. Observe the color of the pulse close to z =0 (where the spot size is minimal), and note that it changes from blue, to green, to yellow, and finally to red, which is due to chromatic aberration.
The input beam that we used was the pulse directly out of our oscillator without spatial filtering in order to avoid seeing any aberrations from the lenses in the spatial filter in our measurements. We assumed that the input beam was relatively free of aberrations, and, because the agreement between our simulations and experiments is generally good, it is evident that this assumption is largely correct. For example, if the input beam had had chromatic aberrations that were comparable in size to those introduced by the lenses, then the flat pulse front in Fig. 3 would not have occurred close to the z = 1.5 mm plane. It is also obvious that very little spherical aberration is present in the input beam because signs of spherical aberrations (ripples in the intensity versus x) are not present in all of our data. By the same logic it is clear that the lens was well aligned, meaning that the beam passed through the center of the lens and that the lens was not tilted with respect to the beam's path. If this had not been the case, then aberrations such as coma and astigmatism would be present in the measurements, and the measured data would not have agreed with the simulations (in which we only included chromatic and spherical aberrations). It is possible that the small discrepancies between our measurements and simulations can be attributed to the input beam or the alignment of the lens.
Other issues and comments
The spatial resolution of scanning SEA TADPOLE is determined by the mode size of the unknown pulse's entrance fiber, so the mode size of the fiber must be smaller than the focused spot size of the beam that is being measured (or, more precisely, smaller than the smallest spatial structure in the beam). Also, the acceptance angle of the fiber (or the fiber's NA) must be greater than the NA of the incoming focusing pulse and as long as this is the case, all k-vectors from the part of the focusing beam that overlaps with the core will be coupled into the fiber. When single-mode fibers and Gaussian beams are used, these requirements are essentially identical. For an input Gaussian beam to be effectively coupled into a single mode fiber, the NA of the Gaussian beam must be less than the NA of the fiber. The NA for a single mode step index fiber (which is what we use) with a cutoff wavelength around 700nm is approximately equal to that of a Gaussian, which is 2λ/πd where d is the mode field diameter of the fiber [31] . Therefore, requiring that the NA of the fiber be greater than the NA of the focused beam is equivalent to requiring that the core size of the fiber be smaller than the spot size of the focused beam. In our present setup, we use fused silica fibers with a NA = 0.12, which sets the limit for the tightest foci that we can measure. In all of our measurements, the lens NA = 0.03. In the future, using fibers with a smaller mode size, we will be able to measure tighter foci.
As described above, as long as we use a fiber whose NA is greater than that of the focus, our fiber will accurately sample the beam. There is an additional experimental test we can do to ensure that the fiber is sampling the beam. In all of our experiments, because there is no interference occurring in the time domain, S(x,ω) summed over x's (or the total spectrum) should be the same at every z. This is equivalent to saying that the total energy of the pulse should be present at every longitudinal plane. Indeed, the rms bandwidth of the total spectra at every value of z in our experiments was the same within ±1.5 nm, and this bandwidth is the same as that of the input and reference pulse.
To align the lenses in the experiments, we first simply looked at the beam's path to make sure that it propagated in a straight line through the center of the lens. Because our technique measures all aberrations in the beam, including those due to a misaligned lens, we could then measure E(x,ω) at any plane to check the alignment more precisely. The information in this measurement could then be used to better align the lens. For example, if coma or astigmatism had been present, S(x,ω) would not have been symmetric about x. Because spherical and chromatic aberrations are functions of x 2 , they cause distortions that are symmetric about x so that they are easily distinguishable from those introduced by misalignment.
Because we do not scan the reference beam's input fiber, we collect no spatial information about it, and therefore the spatial quality of the reference beam has no effect on the measurement. Also note that any aberrations introduced by the optics in SEA TADPOLE would only cause small errors in E(ω) that would be the same for every measurement of E(ω) (regardless of the of the unknown pulse's fiber location), therefore these aberrations cannot be confused with those of the lens being characterized.
Conclusions
We have demonstrated a technique for directly measuring the spatio-temporal electric field of a focusing pulse. To do this, we simply scan in space the entrance optical fiber of a device that we call SEA TADPOLE. To illustrate our technique, we measured E(x,z,t) for an aspheric lens, an achromatic doublet, and a plano-convex lens, all having an NA = 0.03. We also measured the focus of a ZnSe lens with chirp compensation and made a movie of the pulse focusing. To confirm our measurements, we performed simulations by numerically propagating Gaussian pulses through the lenses used in the experiments. The agreement between the simulations and experiments is good.
